Bi 3 Mn 4 O 12 (NO 3 ) revealed a novel spin-liquid-like behavior down to low temperature, which was ascribed to the frustration effect due to the competition between the AF nearest-and next-nearest-neighbor interactions J 1 and J 2 . Motivated by the experiment, we study the ordering of the J 1 -J 2 frustrated classical Heisenberg AF on a honeycomb lattice both by a low-temperature expansion and a Monte Carlo simulation. The model has been known to possess a massive degeneracy of the ground state, which, however, might be lifted due to thermal fluctuations leading to a unique ordered state, the effect known as 'order-by-disorder'. We find that the model exhibits an intriguing ordering behavior, particularly near the AF phase boundary. The energy scale of the order-by-disorder is suppressed there down to extremely low temperatures, giving rise to exotic spin-liquid states like a "ring-liquid" or a "pancake-liquid" state accompanied by the characteristic spin structure factor and the field-induced antiferromagnetism. We argue that the recent experimental data are explicable if the system is in such exotic spin-liquid states.
Introduction
Recently, growing interest arises in the ordering of geometrically frustrated magnets. Particular attention has been paid to possible 'spin-liquid' states stabilized due to the frustration effect, where spins remain to be disordered down to very low temperature without showing the standard magnetic long-range order. 1) Usually, geometrical frustration is realized in triangle-based lattices like the triangular, kagome and pyrochlore lattices combined with the antiferromagnetic (AF) coupling. By contrast, the honeycomb lattice, a hexagon-based lattice shown in Fig.1 , is bipartite and is usually regarded as an unfrustrated lattice since it can accommodate the standard AF 'up-down' order. However, if the AF interaction works between the next-nearest-neighbor (nnn) sites in addition to the nearest-neighbor (nn) sites, the frustration effect arises due to the competition between the nn and the nnn couplings J 1 and J 2 : See Fig.1 . Since the honeycomb lattice is a loosely-coupled lattice with the number of the nn sites only three, it might be susceptible to the fluctuation effect caused by frustration, and its ordering property is of special interest. Quantum magnetism on the honeycomb lattice has attracted much attention. [2] [3] [4] [5] [6] Interest in the honeycomb lattice is also further promoted by the recent upsurging research interest in graphenes. 7, 8) An earlier theoretical study by Katsura et al on the honeycomb-lattice classical Heisenberg model with the nn and the nnn AF couplings (J 1 -J 2 model) revealed that, when the nnn AF coupling is moderately strong J 2 /J 1 > 1/6, the classical ground state is infinitely degenerate, i.e., the ground-state manifold of the model consists of a set of spiral states characterized by generally incommensurate wavevectors q which form the ring surrounding the AF point in the wavevector space, rather than the discrete points. 9) If the nnn coupling is weaker J 2 /J 1 ≤ 1/6, on the other hand, the energy minimum occurs at the AF point. Such features are demonstrated in the Fourier-transformed energy of the model shown in Fig.2(a) and (b).
Based on this observation, Katsura et al suggested that the ground state of the model might be disordered at J 2 /J 1 > 1/6 because the system might continue to fluctuate over these degenerate states characterized by different q.
Interest in the honeycomb AF is promoted by the recent experiment by Azuma et al who observed that the S = 3/2 honeycomb-lattice Heisenberg AF Bi 3 Mn 4 O 12 (NO 3 ) (BMNO) exhibited a spin-liquid-like behavior down to low temperature 0.4K, much lower than the Curie-Weiss temperature T CW ≃ −257K. [10] [11] [12] The frustration effect due to the nnn coupling was invoked to explain the observed spin-liquid-like behavior. It thus remains most interesting 2/17 to understand the ordering process of the frustrated honeycomb-lattice Heisenberg AF.
In fact, a naive expectation linking the observed infinite degeneracy to the disordered ground state needs careful examination, since such degeneracy is often lifted by fluctuations, either thermal or quantum, a phenomenon known as 'order-by-disorder', 13) which is often observed in frustrated spin systems. [14] [15] [16] In the honeycomb-lattice Heisenberg AF, one naturally expects that an infinite ring-like degeneracy of the ground state might be lifted by fluctuations, leading to a unique spiral ordered state characterized by a unique q. The candidate directions selected might be either the nn or the nnn directions as shown in Fig.1 .
We find that such an order-by-disorder mechanism is certainly operative in the honeycomb- perature T CW or the nn coupling J 1 , if somewhat suppressed due to the frustration effect.
Therefore, the transition temperature to a unique ordered state selected by the order-bydisorder is not extremely low. An example might be a field-induced plateau phase realized in the Heisenberg AF on the triangular and kagome lattices. 17, 18) Emergence of the spin-liquid naively expected from the ground-state degeneracy might thereby be hampered in reality.
Such limitations might particularly be severe in three-dimensional (3D) frustrated magnets.
In such circumstances, an interesting possibility arises in the 2D honeycomb-lattice Heisenberg AF. We observe that, in this model near its AF phase boundary J 2 /J 1 > ∼ 1/6, the energy scale associated with the order-by-disorder is determined by J 2 − 1 6 J 1 rather than by J 1 or J 2 itself, becoming arbitrary small around the AF phase boundary. Indeed, it tunes out that this regime, with the help of the ring-like degeneracy, gives rise to a variety of interesting behaviors such as exotic types of spin-liquid states, which we call "ring-liquid" and the "pancake-liquid" states, as well as the field-induced AF order.
Model and method
The model we consider is the classical Heisenberg AF on the 2D honeycomb lattice, whose Hamiltonian is given by
where the sum is taken over all nn and nnn pairs for J 1 and J 2 , respectively. We study the ordering properties of the model both by a low-temperature expansion and by a Monte Carlo 
Results
First, we report on our results of the low-temperature expansion. We find that thermal fluctuations select a particular incommensurate spiral state whose helix axis runs along the nnn direction for J 2 /J 1 ≡ j 2 < ∼ 0.232, but along the nn direction for j 2 > ∼ 0.232: See Fig.3 .
The calculated free-energy difference between these two directions, ∆F , is shown in Fig.3 as a function of J 2 /J 1 . Over the range 1/6 < j 2 < ∼ 0.232, ∆F stays small, suggesting that the selection is weak, whereas, for j 2 > ∼ 0.232, ∆F is large. Our result of thermal selection differs from that of the recent T = 0 calculation of Ref. 19) for the quantum honeycomb
where the nn direction was selected irrespective of the j 2 -value for 1/6 < j 2 < 0.5.
Next, we present our MC results. In Fig.4 (a), we show the specific heat per spin for j 2 = 0.1830. (Here and below, the unit of the energy and the temperature is taken to be
The specific heat exhibits three peaks, a broad peak around T ≃ 0.12 associated with the onset of the short-range order, a sharp diverging peak at T = T c ≃ 0.013 associated with a phase transition, and another peak at a lower temperature T = T * whose position and height depend on the system size L considerably. The transition at T c seems continuous.
The Curie-Weiss temperature is estimated to be T CW ≃ −1.68: See the inset of Fig.4 (b). The diverging peak at T c ≃ 0.013 is associated with the spontaneous breaking of the Z 3 directional symmetry of the lattice.
This can be confirmed from the order parameter m 3 describing the Z 3 directionalsymmetry breaking. This order parameter is defined by
5/17 In fact, the nnn direction is chosen at lower temperatures for 1/6 < ∼ j 2 < ∼ 0.232 for large enough lattices under periodic boundary conditions. However, the other nn direction tends to be stabilized for smaller sizes. Finite-size effects seem significant here, presumably reflecting the small free-energy difference between the two directions shown in Fig.3 . At a temperature between T * and T c , F (q) still selects the state in the nnn direction, but now the intensity becomes diffuse exhibiting a ridge along the ring direction: See Fig.6(b) . It means that the fluctuation in the q-vector direction becomes enhanced. At temperatures above T c , the Z 3 symmetry is restored and F (q) exhibits a pronounced ring-like pattern surrounding the AF point, which faithfully reflects the ground-state degeneracy: See Fig.6(c) . On further increasing the temperature, the center of the ring is 'buried', giving rise to a "pancake-like" pattern shown in Fig.6(d) . Note that the radius of such a "pancake" is still determined by the radius of the degenerate ring, and hence, hardly depends on the temperature.
In Fig.7(a) , we show for j 2 = 0.1830 a segment of F (q) along the h = 0 axis at various 7/17 temperatures. F (q) exhibits the double-peak pattern corresponding to the ring for 0.013 < ∼ T < ∼ 0.06 and the flat pancake-like pattern for 0.06 < ∼ T < ∼ 0.11. Note that the pancake pattern is not fittable by the double-Lorenzian centered at the ring positions. These states with characteristic shapes of F (q) are all paramagnetic states in the sense that no symmetry breaking occurs there, but they differ from the standard paramagnetic state in the sense that The |q|-dependence of the powder-averaged spin structure factor, i.e., the spin structure factor averaged over angles with the modulus |q|, in the ring-liquid and the pancake-liquid regions for J 2 /J 1 = 0.17 and 0.1830. The lattice size is L = 72. The inset exhibits the J 2 /J 1 -dependence of the 'antiferromagnetic correlation length' ξ AF in units of a corresponding to the inverse width of the F ave (|q|)-peak, which is given by the radius of the degenerate ring.
the associated F (q) exhibits quite unusual shape. We call these exotic paramagnetic states a "ring-liquid" and a "pancake-liquid" state.
In principle, it should be possible to experimentally observe such characteristic changes 9/17 of F (q) by means of neutron scattering. Since only powder samples have been available so far for BMNO, we also calculate the powder averaged F (q) for several typical cases, and the results are shown in Fig.7(b) . The power-averaged F (q) exhibits a peak centered around the AF |q|-point with the width equal to the radius of the degenerate ring of the groundstate manifold. Our present F (q) seems fully consistent with the recent experimental data on BMNO. 11) In our model calculation, the width of the peak in the "ring-liquid" or the "pancake-liquid" regimes, which would be interpreted as the inverse 'AF correlation length' ξ AF experimentally, remains essentially temperature-independent. This is demonstrated in the inset of Fig.7(a) where the temperature dependence of the width of the F ave (|q|)-peak is shown for several J 2 /J 1 -values. In the ring and the pancake regimes, the width exhibits negligible or even opposite temperature dependence. In the inset of Fig.7(b) , we show the Next, we study the effect of applied magnetic fields. In the vicinity of the AF phase boundary, fields tend to induce the AF order. This is demonstrated in Fig.8(a) where the AF order parameter m AF is plotted versus the field intensity for several temperatures at J 2 /J 1 = 0.175 close to the AF phase boundary. The AF order parameter is defined by
where m measure of the AF correlations in finite systems. In real systems, a weak 3D coupling might eventually realize the true AF long-range order. The field dependence of the spin structure factor is also shown in Fig.8(b) . The region of such a field-induced AF is also depicted in Fig.9(b) , which occupies the region around the pancake-liquid regime. It would be natural to expect that the pancake-liquid, which may be regarded as a modified ring-liquid state where the AF component is enforced, is favored in the AF-state formation. We note that a similar field-induced AF has recently been reported on BMNO by Matsuda et al. 11) Our results are summarized in the J 2 /J 1 versus temperature phase diagram of Fig.9(a) .
In Fig.9(b) , the vicinity of the AF boundary is magnified by extending the temperature range to higher temperatures. Toward the AF phase boundary, the transition line tends to T = 0, stabilizing the spin-liquid state without any symmetry breaking down to very low 11/17 temperature. Indeed, T c /|T CW | is estimated to be as low as ∼ 0.008 at j 2 = 0.1830 and ∼ 0.001 at j 2 = 0.17. In the vicinity of the AF phase boundary, the paramagnetic state is of unusual type characterized by the ring-like or the pancake-like spin structure factors, the "ring-liquid" or the "pancake-liquid" state.
It should be emphasized that the strong frustration effect and the subsequent massive degeneracy alone are not enough to stabilize such spin-liquid states down to low temperature, since the order-by-disorder mechanism usually comes into play leading to the selection of a particular ordered state at the energy scale of the main exchange interaction O(J 1 ). In the vicinity of the AF phase boundary of this model, the AF state, which remains to be a locally unstable state in itself, conspires with the frustration-induced massive degeneracy to stabilize the special types of spin-liquid states down to extremely low temperature. The ringlike degeneracy in the q-space also plays an essential role in realizing novel spin-liquid states here, which is absent in, e.g., the J 1 -J 2 Heisenberg model on a square lattice, another 2D spin system exhibiting the order-by-disorder phenomena. 19) whereas the change in the order of the transition or the existence of another T * -line was not reported there.
Discussion and summary
We wish to emphasize that our results are consistent with the recent experiment on including the higher temperature range above T c . The regions of the "pancake-liquid", the "ringliquid" and the standard paramagnetic states are indicated, each of which is separated by a crossover line. The crossover line between the ring-liquid and the pancake liquid is determined from the criterion whether F (q) exhibits a single peak or double peaks, while that between the ring-liquid and the standard paramagnet is determined from the temperature dependence of the width of the F ave (q)-peak given in the inset of Fig.7(a) . The region exhibiting the field-induced AF is indicated by shaded area, which is determined from the criterion that the maximum value of m AF induced by applied fields is greater than that in zero field by more than 50%.
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Of course, in real experiments, several points not taken into account in the present model might play a role. Here we discuss the following two points. (a) Real BMNO is a bilayer honeycomb system with the AF interlayer coupling. We have also performed a preliminary simulation on the bilayer model, to find that the main results, particularly the points (i) ∼ (iv) above, do not change, at least qualitatively. (b) Real samples are likely to possess certain amounts of defects and impurities which might cause the glassy behavior at low temperatures, masking an intrinsic behavior of the pure system. For example, the expected phase transition has not been observed so far for BMNO down to 0.4K. The reason of this might be either (i) actual T c is lower than 0.4K, or (ii) the system at low temperatures is gradually stuck into the glassy state because of the randomness. In any case, further measurements on purer, and possibly, single crystal is desirable to clarify the issue.
In summary, we have revealed an intriguing ordering behavior of the frustrated honeycomblattice Heisenberg AF. Near the AF phase boundary, exotic spin-liquid states like the ringliquid or the pancake-liquid state are stabilized down to extremely low temperatures, accompanied by the characteristic spin structure factor and the field-induced antiferromagnetism.
Our results seem consistent with the recent experimental data on BMNO. can be evaluated by the Gaussian integrals. Neglecting the terms independent of the wavevector q specifying the ground state, which even include the divergent terms, we finally get the following expression of the q-dependent part of the free energy, 
. (A·5)
The function λ(q) is defined by λ(q) = 2J 2 ǫ(q) − J 1 3 + 2ǫ(q),
with ǫ(q) = cos q x + cos q x + √ 3q y 2 + cos q x − √ 3q y 2 ,
while α(q), representing a phase angle between the two nn spins in a unit cell belonging to the two sublattices A and B as θ 
15/17 sin α(q) = −(sin q x + sin q x + √ 3q y 2 )/ 3 + 2ǫ(q).
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